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Motivation & Contribution
We develop KFAC for, and apply it to, loss functions with differential operators.

D Goal: Learn PDE solution

Lu(x) = f(x) x ∈ Ω

u(x) = g(x) x ∈ ∂Ω

D Ansatz: Neural net uθ(x)
D Sample xn ∼ Ω, xb

n ∼ ∂Ω

min
θ

L(θ) :=
1

2NΩ

NΩ∑
n=1

(Luθ(xn)− f(xn))
2

︸ ︷︷ ︸
LΩ(θ)

+
1

2N∂Ω

N∂Ω∑
n=1

(
uθ(xb

n)− g(xb
n)
)2

︸ ︷︷ ︸
L∂Ω(θ)

1
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Lu(x) = f(x) x ∈ Ω

u(x) = g(x) x ∈ ∂Ω

D Ansatz: Neural net uθ(x)
D Sample xn ∼ Ω, xb

n ∼ ∂Ω

2nd-order works [Müller and Zeinhofer, 2023, ICML]

min
θ

L(θ) :=
1

2NΩ

NΩ∑
n=1

(Luθ(xn)− f(xn))
2

︸ ︷︷ ︸
LΩ(θ)

+
1

2N∂Ω

N∂Ω∑
n=1

(
uθ(xb

n)− g(xb
n)
)2

︸ ︷︷ ︸
L∂Ω(θ)

1



Motivation & Contribution
We develop KFAC for, and apply it to, loss functions with differential operators.

D Goal: Learn PDE solution

Lu(x) = f(x) x ∈ Ω

u(x) = g(x) x ∈ ∂Ω

D Ansatz: Neural net uθ(x)
D Sample xn ∼ Ω, xb

n ∼ ∂Ω

but proposed methods don’t scale

min
θ

L(θ) :=
1

2NΩ

NΩ∑
n=1

(Luθ(xn)− f(xn))
2

︸ ︷︷ ︸
LΩ(θ)

+
1

2N∂Ω

N∂Ω∑
n=1

(
uθ(xb

n)− g(xb
n)
)2

︸ ︷︷ ︸
L∂Ω(θ) 1



Motivation & Contribution
We develop KFAC for, and apply it to, loss functions with differential operators.

D Goal: Learn PDE solution

Lu(x) = f(x) x ∈ Ω

u(x) = g(x) x ∈ ∂Ω

D Ansatz: Neural net uθ(x)
D Sample xn ∼ Ω, xb

n ∼ ∂Ω
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High-level Walkthrough

Computing differential operators yields networks with linear weight sharing layers.
→ Apply KFAC for linear layers with weight sharing [Eschenhagen et al., 2023, NeurIPS]

D Neural network ansatz uθ = f(L) ◦ f(L−1) ◦ . . . ◦ f(1)

D Evaluating uθ(x)

Linear layer: z(l) = Wz(l−1)

z(0) 7→ z(1) 7→ z(2) 7→ · · · 7→ z(L) = uθ(x)

with vector-valued z(l) = f(l)(z(l−1)) and z(0) = x
D Evaluating Luθ(x)

Linear layer: Z(l) = WZ(l−1)

Z(0) 7→ Z(1) 7→ Z(2) 7→ . . . 7→ Z(L) 7→ Luθ(x)

with matrix-valued Z(l) and dependencies determined by Taylor-mode

2
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Algorithm, Experiments & Conclusion

Our KFAC-based optimizer outperforms popular methods, scales to large neural
networks, and performs similarly to Hessian-free [Martens, 2010, ICML].

L(θ) = LΩ(θ) + L∂Ω(θ)

D Goal: Approximate
Gauss-Newton matrix

G(θ) = GΩ(θ) + G∂Ω(θ)

D KFAC
GΩ(W) ≈ AΩ ⊗ BΩ

(generalized to diff. ops)
G∂Ω(W) ≈ A∂Ω ⊗ B∂Ω

[Martens and Grosse, 2015, ICML]
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