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Convolutions Are More Tedious than Linear Layers

+ Personal example: Vector-Jacobian products (VJPs)

def _weight_jac_t_mat_prod(
self,
module: Linear,
g_inp: Tuple[Tensorl,
g_out: Tuple[Tensor],
mat: Tensor,
sum_batch: int = True, e
subsampling: List[int] = None,

) -> Tensor:
“#"Batch-apply transposed Jacobian of the output w.r.t. the weight.

Args:

module: Linear layer.

g_inp: Gradients w.r.t. module input. Not required by the implementation.

g_out: Gradients w.r.t. module output. Not required by the implementation.

mat: Batch of “"V'° vectors of same shape as the layer output
("IN, *, out_features] ") to which the transposed output-input Jacobian
is applied. Has shape ““[V, N, *, out_features] " if subsampling is not
used, otherwise **N'° must be “len(subsampling) " instead.

sum_batch: Sum the result's batch axis. Default: ~“True .

subsampling: Indices of samples along the output's batch dimension that
should be considered. Defaults to ~“None - (use all samples).

Returns:
Batched transposed Jacobian vector products. Has shape
“*[V, N, *module.weight.shapel " when ““sum_batch" is *"False . With
->sum_batch=True™ ", has shape [V, *module.weight.shapel . If sub-
sampling is used, “"N°° must be len(subsampling) " instead.

d_weight = subsample(module.input0, subsampling=subsampling)

equation = f"vn...o,n...i->v{'' if sum_batch else 'n'}oi”
return einsum(equation, mat, d_weight)
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Convolutions — A Visual Walkthrough
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Tensor Multiplication & Tensor Networks
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(Disclaimer: Tensor = multi-dimensional array; sorry)
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Tensor Multiplication Unifies Vector & Matrix Multiplications

(Disclaimer: Tensor = multi-dimensional array; sorry)

Consider two vectors a, b and two matrices A, B

Product Notation Index notation
Inner c=a'b c=>;ab
Element-wise c=aobh c; = ajb;
Outer/Kronecker C=ab" =a®@b" C;; = aib;

Inner C=AB C,‘yk = ZinJBj,k
Element-wise C=A0B C,'J = A,‘JB,‘J

Kronecker C=AxB Ciiky Gy = AijBr,




Tensor Multiplication Unifies Vector & Matrix Multiplications

(Disclaimer: Tensor = multi-dimensional array; sorry)

Consider two vectors a, b and two matrices A, B

Product Notation Index notation In Out
Inner c=a'b c=>amb; (M), (1) 0
Flement-wise c=aoh ci = aib; ONO) ()
Outer/Kronecker C=ab" =a®@b" C;; = aib; (1), (j) (i)
Inner C=AB Cik =D AijBix  (1,)): U.k) (i, k)
Elementwises @~ C=AG®B Cij = AijBij (i,4), (i.)) (i,)
Kronecker C=A®B Cliky,Gy = AijBrs (1,4), (k. 1) ((i,k), U, 1))




A Mathematical Definition of Tensor Multiplication e taueeta, 2020

Given two tensors A, B with index tuples Sa, Sg

C = *(SA7SB7SC)(A’ B) = [C]SC = Z [A]SA[B]SB )
(SaUSB)\Sc

indices not present in the output are summed out; S¢ satisfies S¢ C Sa U Sg.



A Mathematical Definition of Tensor Multiplication feq taueeta, 2020

Given two tensors A, B with index tuples Sa, Sg

C = *(SA7SB7SC)(A7 B) = [C]SC = Z [A]SA[B]SB )
(SaUSB)\Sc

indices not present in the output are summed out; S¢ satisfies S¢ C Sa U Sg.

[Example] Matrix-matrix multiplication € = AB as tensor multiplication

Sa = (Ia,’)
S = (j? k)
Sc = (i,k)



A Mathematical Definition of Tensor Multiplication feq taueeta, 2020

Given two tensors A, B with index tuples Sa, Sg

C = *(SA7SB7SC)(A7 B) = [C]SC = Z [A]SA[B]SB )
(SaUSB)\Sc

indices not present in the output are summed out; S¢ satisfies S¢ C Sa U Sg.

[Example] Matrix-matrix multiplication € = AB as tensor multiplication

Sa = (Ia,’)
Se = (k) = (SaUSe)\Sc=(ij.k)\(ik) = (j)
Sc = (i,k)



A Mathematical Definition of Tensor Multiplication e taueeta, 2020

Given two tensors A, B with index tuples Sa, Sg

C = *(SA7SB7SC)(A’ B) = [C]SC = Z [A]SA[B]SB )
(SaUSB)\Sc

indices not present in the output are summed out; S¢ satisfies S¢ C Sa U Sg.

[Example] Matrix-matrix multiplication € = AB as tensor multiplication

Sa = (i,))
Se = (k) = (SaUSs)\Sc=(i.j.k)\ (i,k) = ()
Se = (i,k)

— C= *((i,j),(i,k),(i,k))(A,B), or C = einsum("ij,jk->ik", A, B).



A Mathematical Definition of Tensor Multiplication e taueeta, 2020

General case: Given N tensors Ay, ..., Ay with index tuples Sa,, . .., Sa,

N

Ci=tsp )AL AN & [Cle = Y [Alsy - [Anlsy,
(Sa,UUSay)\Sc

indices not present in the output are summed out; S¢ satisfies S¢ C Sa, U -+ - U Sa,,.

Sa = (I,))
Se = (,k) = (SaUSp)\Sc=(ij,k)\(i,k) = (j)
Sc = (i,k)

= € = *((ij) (k) (i) (A, B), or C = einsum("ij,jk->ik", A, B).
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Operation Diagram Operation Diagram
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Tensor Networks: Graphical Notation for Tensor Multiplications '\

Operation Diagram Operation Diagram

Scalar ik i—@—jk
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Benefits of TN/einsum Abstraction
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Function Transformations with Tensor Networks

[Example] Batching/vmap-ing: adding legs
(A,B,v) — ABvV {(An,Bn, V) 1y — {AsBoVa ),

DB e

[Example] Differentiation: removing arguments

P EI7T) o - 8<i jk—@) = A
_a:k' 8<j’k'> _@_ _@




Convolutions as Tensor Networks



Convolution as Tensor Network ayashi etal, 2019
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Convolution as Tensor Network ayashi etal, 2019
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Convolution as Tensor Network ayashi etal, 2019
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Convolution as Tensor Network ayashi etal, 2019
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Higher-dimensional Convolutions peyasieta, 20
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Higher-dimensional Convolutions peyasieta, 20

01
01 02
0 i 02 ks iz ok
i k iz ka i3 3

| k
é]i Cin 4&]’ Cout Cin Cout Cin Cout

1d 2d 3d



Derivatives & Autodiff Routines \
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Use Cases
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(features.1.0.block.® convolution of ConvNeXt-base with (32, 3, 256, 256) input)



|mpI’OVIﬂg KFAC-I’edUCe [Eschenhagen et al., 2023, NeurlPS]

State of the art

X
— [X]

— 17[X]

— (1T[X]) " (17[X])

Time: 9.87ms
Extra memory.  3.07 GiB

Tensor Network

%

1
3 4

w8

2
ko K,

Cin C\/n

Time: 2.69ms (3.7 x)
Extra memory: 0 MiB

(features.1.0.block.® convolution of ConvNeXt-base with (32, 3, 256, 256) input)



Improving Second-Order Optimizers

[Lin, Dangel, Eschenhagen, Neklyudov, Kristiadi, Turner, and Makhzani, 2024, ICML]

ImageNet GPU benchmark (NVIDIA A40) with (128, 3, 256, 256) inputs

Net Optimizer |

Per-iteration [s] Peak memory [GiB]

SGD
ResNet18

1.17-10~" (1.00X) 3.62 (1.00)

SGD
VGG19

6.90 - 10~ (1.00 ) 14.1 (1.00 x)
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Improving Second-Order Optimizers

[Lin, Dangel, Eschenhagen, Neklyudov, Kristiadi, Turner, and Makhzani, 2024, ICML]

ImageNet GPU benchmark (NVIDIA A40) with (128, 3, 256, 256) inputs

Net Optimizer \ Per-iteration [s] Peak memory [GiB]
SGD 117 10 (1.00 %) 3.62 (1.00)

ResNet18  SINGD | 1.94-10~" (1.67x) 4.54 (1.25x)
SINGD+TN | 1.56 - 10 1(1.33x) 3.63 (1.00 %)

SGD | 6.90-10-7(1.00%) 14.1 (1.00 x)

VGG19  SINGD 102 (1.48x) 32.1(2.28 %)
SINGD+TN | 8.01-107" (1.16 %) 16.1(1.14 %)

(SINGD uses KFAC-reduce and diagonal pre-conditioners which are updated every step)
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Convolutions and More as einsum \

+ TN perspective simplifies the transfer of algorithmic ideas
+ Enables flexible/faster implementations of black box routines
+ Relies on automatically efficient evaluation inside einsum
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from einconv.expressions import kfac_reduce
from torch import einsum

# create the tensor network

equation, operands, shape = kfac_reduce.
einsum_expression (..., simplify=True)

# evaluate it

einsum(equation, *operands).reshape(shape)
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Convolutions and More as einsum \

+ TN perspective simplifies the transfer of algorithmic ideas
+ Enables flexible/faster implementations of black box routines
+ Relies on automatically efficient evaluation inside einsum

from einconv.expressions import kfac_reduce
from torch import einsum

# create the tensor network

equation, operands, shape = kfac_reduce.
einsum_expression (..., simplify=True)

# evaluate it

einsum(equation, *operands).reshape(shape)

Paper: arxiv/2307.02275
Code: github.com/f-dangel/einconv Thank you « » questions?
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[Example] Matrix-matrix-vector-product
Consider A, B € R3000x3.000 gy < [R3.000

a1
— i{alk{v]) — idfas) — i{a}i{s] — i-{asy

Schedule 1:  1.1s Schedule2: 2.2ms
A @B @yv A @ (B @v)

PyTorch: 1.1s

einsum("ij, jk,k->i", A, B, v)

25



Contraction Path Optimization (e.q. opt_einsum smnmsseos) )

[Example] Matrix-matrix-vector-product
Consider A, B € R3:000x3.000 gnq y ¢ R3.000

a1
— i{alk{v]) — idfas) — i{a}i{s] — i-{asy

Schedule . 1.1s Schedule 2:  2.2ms
A @B @yv A @ (B @v)
PyTorch: 1.1s with update + pip install opt_einsum, 2.3ms

einsum("ij, jk,k->i", A, B, v)

25



Convolution-specific Simplifications
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Convolution-specific Simplifications

Dense convolution (K = S)
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Convolution-specific Simplifications

Dense convolution (K = S)
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Convolution-specific Simplifications

Dense convolution (K = S) Down-sampling convolution (S > K)

(0}
(0}
= i—(_Jfk
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Convolution-specific Simplifications

Dense convolution (K = S) Down-sampling convolution (S > K)

(0]
(v ]_,'—[n(/,K,sL K0, 1)k
(0]
|
= (v Jr—neys kK 0 )

<

(0]
=N, K, K,0,1)~k
(o]
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