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Motivation : Taylor expansion

[p(0 - 00) = La(80) + qp(8o)"(0-to)
+ 10 - 0.)Ha(8) (0-00) + O((0 -Od)
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Q : What happens here if
we apply Newton'smethod

?
Use cases :

- Optimization (fit local quadratic , jump to minimum)
- Pruning (find weight that least affects loss when removed
- Sharpness & influence functions (sensitivity of
loss writ perturbations in the data/parameters
- Laplace approximations (fit a Gaussian to a

more complicated distribution)

Pros and cons of the Hessian :

- cannot touch the full matrix explicitly (DOD)
- Can multiply with the Hessian efficiently
using first-order autodiff ! (double-backward)

(v - (b). v) = 80(gv)



- Hessian can be indefinite because Lof
* *

is usually non-convey Convey non-convey

/L

Generalikauss-Nonmatie

- compositions of convex functions are conver

-can we convexityIf ? Yes
, through linearic

zation around some anchor 8. :

f(O) -> "(0) = f(00) + Jof(E) (0-Oo)
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- Positive. semi-definite
- GGN-vector products trough JVP, HVP, VID
--Hessian ifI is linear in O le.g. linear (I regression

Prelude to Fisher : Risk minimization
entermensmmm

1

I<(0) = + 1(f(in ,8) ye Massageintotion)
Assume 7 data-generating process Para /X , 4)
and we want to minimize the expected risk

Lomsa(0) = Epaal)[l(f(x,-), Y)) wrt
.
E

↳ Paata is intractable though . That's why we
collected a data set

, which approximates

Paata(,Y) * Pp(xin) := S(-n)Sly-yn)



↑
"empirical data distribution", tractable

We then have

2x(b) = Xpp(b) - Pa(n)(l(f(x,8) , 4)
for the empirical risk.

↳
Connection to maximum likelihood
semmenseness

Want to learn a parametrized density Poly)
that approximate Paata (x , 4) :

minimize KL (Paata(x, y) (lPo(x,y)⑦

minimize Pantala - log Po(x,y)
Iwe will only model yly with parameters, so( Po(,Y) = Poly(X) Patal) , we don't have

access to Paata , so Palaba
-> Pp (



minimize+ I -log Polynhe
-

This looks like 1/f(in .O), In)
from above

,
where I is a

negative log-likelihood

Rewrite Poly(x) = r(y)f(x,0) , then we
can show

n)r(y)f(,6) = N(y)m - f(x,-), z
=1)

= Logo = 1(MSELoss)

2) r(y16(x- 0)) = Catly(π-softmax(f(x,f) )
E En -, Ch

-= -ogr = 1(Cross Entropy Loss)

=> The NN models a Gaussian categoricaltribution
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himilarities (l=- logp)

H(G) -pain(l) =

pp(x) Pa( (8021] Hessian

FIG) = Polin) (l] Fisher

Fa(0) = #ppcx ((Jof) %04()v1] Jof) Fisher

Gibs - (((of)"[p((l)of) gan
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EF(b) = Epa((Dof)"pa((8l(vllY Jof) empl



↑
Matrix-free
linear algebra
with linear operators

#



Puson .Trace/diagimationon

Trace

Tr(A) = Tr(AI) #

- Tr)A Eon[vrY) Eperg [vie I,
- Eo(Tr(AvrY) Ie.g. zero mean unit ICovariance Gaussian or

Rademacher I

= Epcy (Tr(vAv)]
- Eoc[vYAr]

~ VAV, · where idp(u)
I can also use to estimatelAl = Tr/AA))

a

Diagonaldiag(A) = diag(AI) -
= diag (A ps(vvf)
= Exc [diag (Avri)
- Epy((AV) O v)]

X
= A AVsor where v

,

" p(v)



Iteration *
x

, (A) , 2. /A)

I! V random
, Ivlk = 1

until converged
e, Ae , matrec

I 7, Helle update eigual
e-e/Heille

· I more sophisticated methods , e .g. implicitly restarted
Arnoldi iterations (ARPACK), scipy. sparse . Linalg . eigsh)

· Also : Spectral density estimation

-(b)= 8(7 -x

X



Sancinon

Linsolve (A , b) = x such that Ax = b
-

↳ Iterative solvers like conjugate gradients (CG)
(details not important, only uses [vtAr])

K

CG inversion : compute Ab- *
↳ Findx : b = A

=> = Linsolve (A
, b)

I

Neumann series :

A = (I -A (if Ocx(A)< 2)

Av = v + (I- A) v + (1-A)V ... (truncate)

curvlinops library : offers linear operators for H,
FIG, EF, and more + functionality to estimate their proper


